We investigate the ''flapping flag'' instability through a model for an inextensible flexible sheet in an inviscid 2D flow with a free vortex sheet. We solve the fully-nonlinear dynamics numerically and find a transition from a power spectrum dominated by discrete frequencies to an apparently continuous spectrum of frequencies. We compute the linear stability domain which agrees with previous approximate models in scaling but differs by large multiplicative factors. We also find hysteresis, in agreement with previous experiments. DOI: 10.1103/PhysRevLett.100.074301 PACS numbers: 46.40.Jj, 46.40.Ff, 47.15.ki, 47.52.+j A longstanding problem in the coupled motion of elastic bodies and high-speed flows is the instability underlying the flapping of flags. One of the earliest attempted explanations dates to Lord Rayleigh, who made an analogy to an instability of a fluid jet [1] . Since the 1930s, workers in aeronautics and applied mechanics have addressed the stability problem using linearized and approximate flow models [2 -4], and empirical models [5] . Recent models [6 -8] have recalled some elements of this earlier work while introducing new approximations. Realistic unsteady flow solvers allow for numerical simulations at moderate Reynolds numbers (O10 2 ) [9,10] but accurate studies at higher Reynolds numbers are difficult due to the necessity to resolve the production and dynamics of thin free shear layers.
A longstanding problem in the coupled motion of elastic bodies and high-speed flows is the instability underlying the flapping of flags. One of the earliest attempted explanations dates to Lord Rayleigh, who made an analogy to an instability of a fluid jet [1] . Since the 1930s, workers in aeronautics and applied mechanics have addressed the stability problem using linearized and approximate flow models [2 -4] , and empirical models [5] . Recent models [6 -8] have recalled some elements of this earlier work while introducing new approximations. Realistic unsteady flow solvers allow for numerical simulations at moderate Reynolds numbers (O10 2 ) [9, 10] but accurate studies at higher Reynolds numbers are difficult due to the necessity to resolve the production and dynamics of thin free shear layers.
In this work we simulate the nonlinear dynamics of a heavy elastic sheet which moves in a 2D inviscid fluid and sheds a vortex sheet from its trailing edge. Most previous flag models can be considered as approximations, with varying degrees of accuracy, to this model. We characterize the behavior of flapping flags at large amplitudes and over many flapping periods, and demonstrate a transition from periodic to chaotic flapping as bending rigidity is decreased. We also determine the stability boundary of the flow-aligned state for the flag, in the two-dimensional parameter space of dimensionless flag inertia and bending rigidity, and compare this with two recent models [7, 8] . This comparison indicates that greatly-simplified models coupling flag rigidity, and flag and fluid inertia, can yield a qualitative understanding of flag stability. Finally, we demonstrate that this model exhibits bistability over a range of dimensionless rigidity, which is consistent with recent experiments of Zhang et al. in soap-film flows [11] and of Shelley et al. in water tunnels [8] .
The flag model.-We consider the 2D flag as an inextensible elastic sheet of length L, mass per unit length s , and rigidity B, moving under the pressure forces of a surrounding inviscid and incompressible fluid of density f (here, mass per unit area) that moves past the flag with free-stream speed U. Scaling space on L, and time on L=U, the flag with position Xs; t (s is arclength; 0 s 1) evolves via Newton's 2nd law as
where T is the tension that enforces inextensibility, [p] is the pressure jump across the flag, and is the flag curvature. The tension has been scaled by f U 2 L, the pressure by f U 2 , and R 1 and R 2 are the two control parameters of the dynamical system with R 1 s = f L the dimensionless mass of the flag and R 2 B= f U 2 L 3 its dimensionless rigidity (also an inverse square velocity). The sheet is held and clamped at s 0, its leading end, with zero deflection. Free-end boundary conditions are assumed at s 1 with T s 0 there, and the tension can be eliminated from Eq. (1) by integration of theŝ component from s 1.
As the flag is also a surface in the flow, by the kinematic boundary condition it must move with normal velocity of the fluid, which is continuous across C b although the tangential velocity is not. Hence we can write
where the choice R s 0 ds 0 s 0 s 0 enforces the same frame as is implicit in Eq. (1), i.e., s is independent of t. The wake shed behind the flag is modeled as a (free) vortex sheet (labeled C f in Fig. 1) , or a -function distribution of vorticity along a curve in the plane. The flag can also be considered a (bound) vortex sheet (labeled C b in Fig. 1 ) due to the tangential velocity jump across it. The velocity induced by the singular vorticity distribution on C C b C f is given by the Biot-Savart integral, and relative to the background flow is:
where x ? ÿy; x, is the vortex sheet strength (the jump in tangential velocity across the sheet), and u satisfies the condition of zero jump in normal velocity. The average of velocities above and below C is
where the Birkhoff-Rott integral is of principal value type. Hence, W n. The evolution of on C b is determined by taking the tangential component of the difference of limits of the Euler equations above and below the flag (expressed in the frame where s is independent of t), yielding
where W ŝ. Using that p s1 0, Eq. (5) can be integrated across C b to eliminate [p] . On C f , p 0 and the evolution of is best considered in the average velocity frame where t 0, and hence is invariant. A convenient parametrization of C f is then total circulation ÿ 0 to the free end of the flag with its initial value determined by the shedding condition from the flag end _ ÿ 0 j s1 (see Jones [12] ). We omit the small leading-edge vortex, which gives a small perturbation to the transverse pressure forces which drive the flag. We also neglect shear stresses in this simple model, which are dominated by pressure forces when the flag undergoes O1 deflections, but may nonetheless be important for determining the onset of flapping.
The numerical method.-We evolve Eqs. (1), (2), and (5), and boundary conditions, numerically by expanding X, [p] , and on the flag as first-kind Chebyshev polynomials. This representation is convenient for evaluating the integral in Eq. (4) [13] . The system is discretized to second-order implicitly in time (for stability purposes) with new segments of the free vortex sheet created at each time step [12] . The set of nonlinear discrete Eqs. (1), (2) , and (5) is solved by a Newton iteration.
At each time step, after convergence of the Newton iteration, Eq. (4) is used to update the position of the free sheet. On the free sheet, the singular kernel x ? =jxj 2 is mollified and replaced by the smoothed kernel x ? =jxj 2 2 , as used by Krasny [14] and many others since. This allows vorticity accumulations along the free sheet to form vortical spirals [14] . Here we set equal to 0.2, small enough to capture well-defined vortical rolls in the wake. On the bound sheet (the flag) we retain the singular kernel, as mollifying there makes the matrix underlying the Newton iteration ill-conditioned.
The code shows convergence at the expected orders as the spatial and temporal grids are refined. We have reproduced known steady flows past rigid plates [15] . We have also compared an impulsively started flat plate, for which a growth rate of circulation of ÿ 0 t 1=3 is predicted [12, 16] . We find a temporal exponent of 0:34 0:02 between t 0 and 1, for 0:1 and 0.2, which is the same growth reported by Jones for 0:2 [12] .
Results.-We first demonstrate that our flag model captures phenomena previously observed in experiment (e.g., [8, 11] ). Figure 1 (and supplementary materials [17] ) shows the result of a long-time simulation using R 1 0:3 and R 2 0:014 45, values for which only steady flapping with a well-defined period is observed over a broad range of initial perturbations. Here, the dynamics was induced by smoothly perturbing the leading-edge position [of amplitude O10 ÿ5 ], while smoothly ramping the background flow velocity up to unity. By t 10, exponential growth of the initial perturbation has saturated, and the flag has entered a periodic flapping state, shown in Fig. 1 at t 120. The trailing shed sheet has rolled up into spiral vortices associated with local Kelvin-Helmholtz instabilities [15] , and has formed a ''von Kármán'' vortex street (see also the supplementary movies [17] ). The timeaveraged velocity field with the background flow removed is directed upstream towards the flag. The upstream fluid momentum thus generated is associated with a drag force on the flag.
A sequence of snapshots for this case is shown in Fig. 2(a) , in which a simple periodic flapping dynamics is seen. The flapping consists of backwards traveling waves of simple spatial form, with a wave envelope that is roughly linear in distance from the flag support point. The temporal Fourier transformÛ ! of the bending energy U R
C b
2 ds=2 is shown in Fig. 3(a) . It is dominated by peaks at two distinct frequencies, the higher of which is a harmonic of the lower, and also has a small long-time component near frequency 0.4.
For a range of larger R 2 , these frequencies change smoothly and reflect simple harmonic flapping. However, Fig. 3(b) shows the temporal spectrum from a long-time simulation from the same initial conditions if R 2 is very slightly decreased (to R 2 0:014 36, 1% change). The dominant frequencies shift abruptly higher and new frequency components appear. This is associated with a change in flapping dynamics, illustrated by Figs. 2(b) and 3(c), for which R 2 0:0138 [17] . In Fig. 2(b) the vortex wake is compressed relative to that in Fig. 2(a) , due to the higher dominant frequency over which vorticity changes 
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074301-2 sign. The fluid drag on the flag also increases dramatically with this transition from harmonic flapping, moving in time-average from 0.139 to 0.525 between panels a to b, with the drag time-trace punctuated by intermittent highdrag ''flag-snapping'' events (as is somewhat evident from Fig. 2(b) ]. In short, the sheet dynamics now has more degrees of freedom in both time and space, the latter being of larger amplitude and bending energy.
Further decreases in R 2 introduce yet more spatial complexity as well as the broad spectral content characteristic of chaotic dynamics. This is illustrated in Figs. 2(c) and  3(d) [17] for which R 2 0:0025. The flag snapshots over regular time intervals fill space within a roughly linear envelope, and the flag shape has become more irregular. The vortex wake seen in Fig. 2(c) retains predominantly single-signed vorticity above and below the center line, but the structure of the vortices and the spacing between them is irregular. The spectrum now shows no apparent dominant frequencies but rather a wide range of excited frequencies. Here the time-averaged fluid drag is 0.427, still large but somewhat decreased from the previous case.
As a point of comparison, in Fig. 2(d) we show snapshots from the model and from a recent experiment using a paper flag in air [18] . In both cases R 1 0:37. For the experiment, R 2 is unavailable. For the model we take R 2 0:018, giving the longest wavelength mode; the snapshots vary little with R 2 until the abrupt onset of a higher wavelength mode. The model shapes show larger curvatures but similar flapping amplitude (the model gives more similar shapes using R 1 0:25). Possible reasons for the differences are 3D effects and skin friction in the experiment, and nonuniformity in the experimental flow.
Linear stability.-Here we study directly the linear stability of the straight flag, and assess recent models of the transition to instability. We infer stability directly by imposing small initial perturbations and tracking their growth (if any) in the full numerical system. By searching over a large portion of the R 1 -R 2 space, we identified a boundary curve, plotted in Fig. 4 , below which (in R 2 ) small perturbations grow exponentially, with a rate which increases with distance from the line, and above which Computed stability boundary in the R 1 R 2 plane. The upper solid boundary gives the smallest R 2 above which a small leading-edge forcing (yt 10 ÿ5 2t 2 e ÿ2t 2 ) does not lead to flapping. The lower solid boundary is the largest R 2 below which such forcing leads to exponential growth of elastic energy in time until the flag saturates with O1 flapping, as shown in Figs. 1 and 2 . The solid line gives the scaling R 1 R 2 for comparison at small flag masses. The black crosses mark the cases shown in Fig. 2 [upper cross is (a) and (b), and lower is (c)]. The dashed line shows the stability boundary from [8] , and the dash-dotted line the corresponding boundary plotted in Fig. 3 of [7] (showing only the portion R 2 const, but having the same asymptotic scalings as the model here and in [8] ). perturbations in y do not increase. This stability boundary shows a linear slope at small R 1 , where a proportionately small bending rigidity is needed for the instability to occur. At larger R 1 the curve becomes nearly flat. A physical interpretation for the transition to instability is that greater flag inertia allows small oscillations of the flag to increase more readily against the damping of fluid inertia. Also plotted in Fig. 4 is the stability boundary (dashed line) for a biinfinite flag from [8] . It has the same asymptotic scalings but differs by a large multiplicative factor. This discrepancy is not surprising because the pressure distribution in the current model is dominated by vortex shedding, a term absent in the infinite flag model. The stability boundary presented in Argentina & Mahadevan [7] for an inviscid flow with vortex shedding has the same asymptotic scalings, though again with a different multiplicative factor (see Fig. 4 ). Their model approximates the flow around the flexible flag as the steady potential flow past a hinged rigid plate, scaled by a variable flag velocity. All three models have similar asymptotic scalings, presumably because the dominant terms in the flag equation have the same scaling with physical parameters in the three models.
Bistability.-Our nonlinear flag model supports bistability of the straight and flapping states, as has been observed experimentally [8, 11] and numerically [9] . To show this, the initial perturbation amplitude applied to the flag was varied in a range of R 2 near the stability boundary. Figure 5(a) shows the elastic energy in time for four different initial vertical perturbations. A division between the two states occurs for amplitude 0.1: Above this value, the perturbed flag reaches a unique state of large-amplitude flapping, while below the perturbation decays to the straight flag case. This decay, and hence the bistability, may be surprising given the conservative nature of the system. However, the flag is coupled to the fluid, and by this can be convectively stabilized; if the flag perturbation is sufficiently small, it is simply swept into the wake and moved downstream. 
